This paper studies the vibration suppression problem of nonlinear flexible riser systems subjected to external disturbances. For suppressing the vibration and improving the control precision, a novel joint control method which includes boundary control and iterative learning control (ILC) is raised, via finite-dimensional backstepping control and Lyapunov's direct method. Iteration term is first designed in discrete domain and then transformed into continuous time domain. Under the action of the proposed boundary-ILC, the uniform boundedness of closed-loop system state and the convergence of the system output are proved by using Lyapunov synthesis. Finally, simulation results are provided to illustrate the effectiveness of the formulated control approach.
I. INTRODUCTION
With the vigorous development of offshore oil and gas exploration, flexible risers as the foremost connection structure between offshore platform and seabed wellhead, have received unprecedented attention [1] . The vibration of flexible riser occurs due to the periodic ocean current disturbance, which may not only degrade the production performance of the system, but also lead to premature fatigue of the riser, even it may paralyze the system. Therefore, the vibration suppression of riser for improving system performance has become a hot issue in recent years.
As one of most important learning control strategies, iterative learning control (ILC) is generally used to deal with a problem of repeated tracking control or periodic disturbance rejection for nonlinear plants, and can improve tracking performance of systems by some simple self-tuning processes without using accurate knowledge on system models [2] . The field of ILC has been extensively studied. In [3] , the adaptive control concept is applied into ILC, which contributes greatly in dealing with the non-repetitive trajectory tracking and the issue of iteration-varying initial error. In [4] ,
The associate editor coordinating the review of this manuscript and approving it for publication was Dong Shen. an adaptive fuzzy ILC is proposed to deal with the nonzero initial state errors. In addition to the rapid development of theoretical research, the practical application of ILC also extends from the traditional manipulator system to the servo system [5] , time-delay system [6] and other fields. However, the coupling characteristics of partial differential equation (PDE) system increase the difficulties of control issue, and the methodologies of ILC in PDE model is still insufficient. In the existing work, the application of ILC to flexible system is introduced in [7] , which confirms the effectiveness of ILC in distributed parameter system (DPS). In [8] , a restrained adaptive boundary-ILC law is proposed to deal with the uncertainties of system parameters and external disturbances. In [9] , ILC is extend to the PDE-described MIMO system, where a P-type ILC scheme is used to track the desire goal. The combination of PD control and ILC produces good control performance for axial motion systems which is subjected to periodic disturbances [10] . In [11] , a closedloop P-type ILC is proposed to parabolic DPS, where the convergence of trajectory tracking errors in time, space and iteration domain is given. For the flexible manipulator system described by PDE, an adaptive ILC scheme for trajectory tracking and vibration reduction is proposed in [12] . In [13] , an unified framework of constrained boundary-ILC law is designed by adopting hyperbolic tangent functions. All those previous methods and theories have great inspiration for our work.
Flexible system has received widely application in crane [14] , spacecraft [15] , belt system [16] , marine riser [17] and space vehicles [18] due to its lightweight and high efficiency. For the purpose of dynamic analysis, these nonlinear systems are generally represented by PDE and several ordinary differential equations (ODEs) [19] , [20] . In particular, it will be modeled as a DPS with Euler-Bernoulli beam structure based on extended Hamilton principle [21] . The performance of Euler-Bernoulli beam will severely degrade due to external disturbances and uncertainties, which accelerates the research on vibration control of this filed. In [22] , an active disturbance rejection control and sliding mode control are adopted to one-dimensional Euler-Bernoulli beam equation. Disturbance observers are designed to deal with unknown external disturbances [23] , [24] . In [25] , neural network is used to suppress the vibration of flexible manipulator. However, compared with the high computational complexity of the above algorithms, boundary control where the actuation and sensor are applied only through the system boundary, is easier to implement and also avoids the control spillover instability which is caused by the traditional discrete control method [26] , thus it gradually becomes the mainstream method of flexible structure vibration suppression [27] - [29] . Backstepping control, which is initially proposed to stabilize ODE system, has long been recognized as an effective control method and often called finite-dimensional backstepping control (FBC). Recently, Krstic et al have extended backstepping control to PDE system, which is based on a volterra integral transformation and solving kernel function [30] , [31] . This extended method is often called infinite-dimensional backstepping control (IFBC) and makes the control design process greatly different from the one of ODE system. However, it is hard to apply IFBC to the addressed riser system due to the difficulties of solving a proper kernel.
In consideration of the potential advantages of ILC to dispose the external periodic disturbances and FBC to avoid solving kernel function, and the ability of boundary control to regulate the rise's vibration, a novel joint control scheme of ILC, FBC and boundary control is proposed in this study. Compared with the existing works, the main contributions of this paper are highlighted as follows.
(i) FBC and ILC are combined for the first time in vibration control of flexible riser system. Backstepping technique reduces the computation efforts and designing difficulties. Additional observation device is not required in iteration term because all the signals can be measured or calculated from existing devices.
(ii) In the process of designing iterative control law, the positive definite function in discrete time domain is transformed into Lyapunov function in continuous time domain. The iteration term further compensates for the influences of external periodic disturbance and the validity of iteration term is verified by simulation. (iii) Under the action of the proposed boundary-ILC, the uniform boundedness of the system is proved based on Lyapunov theory and the closed-loop system states will eventually converge to a finite range as time tend to infinity.
The rest of this paper are organized as follows. The riser system model is given in Section II. In Section III, a boundary controller with iterative term is designed. The stability analysis of proposed approach is given in Section IV. The numerical simulation is given in Section V and the conclusion is in the Section VI. Fig.1 shows a typical marine riser system. Let XOY be the reference coordinate system, O be the coordinate origin, x and t be the independent spatial and time variables. Define L, ρ, T , EI and c as the length, uniform mass per unit length, tension, bending stiffness and damping coefficient of the riser. d s and M s are defined as the damping coefficient and mass of the vessel. Defined w(x, t) as the riser's deflection at spatial coordinate x for time t, d(t) and f (x, t) as the boundary and distributed disturbances, U (t) as the control input. In this paper, for the convenience of the research work, we assume that there is no deflection in the Y direction and the riser is filled with seawater.
II. DYNAMICAL MODELING
Remark 1: For clarity, the notions
In this paper, the dynamic equation [1] of the riser system shown in Fig. 1 is given as follows.
Meanwhile the boundary conditions of the considered riser system are given as below.
∀t ∈ [0, ∞). It is worth noting that boundary conditions show the relationship between w(L, t), U (t) and d(t). VOLUME 7, 2019 The following control design and stability analysis are conducted with no simplifying or approximating the original infinite-dimensional system dynamics. Assumption 1: For the external disturbances d(t) and f (x, t), we assume that d(t) is an external periodic disturbance with period T d and there exist constantsf ,d ∈ R + , such that
III. CONTROL DESIGN
Before proceeding further, we transform the dynamics of riser system (1)-(2) into a state-space description as below.
A. BOUNDARY CONTROL SCHEME DESIGN
In this part, we define α(t) as the virtual control of x 2 (t), and the corresponding error e(t) is defined as follows
Considering the following Lyapunov candidate function
where the energy term V 1 (t) is defined as
The small crossing term V 2 (t) is defined as
where , β are two positive weighting constants. Lemma 1: V a (t) is positive definite and the inequality below can be obtained
where 2 , 3 are positive constants. Proof: Uniting Lemmas 1-3 in [1] and V 2 (t) yields
where 1 = 2 ρL min(βρ,βT ) . For ensuring 1 < 1, should be selected to satisfied the following method.
≤ min(βρ, βT ) 2ρL (10) Define 2 and 3 as
Then, we further have
Differentiating V 1 (t), then combining (1) and integrating by parts, we can obtaiṅ (14) Similarly, forV 2 (t), we havė
Substituting (14) and (15) into (13) leads tȯ
On the basis of the above results, the virtual control α(t) is designed as
where k 1 and k 2 are two positive constants. Further we have
Differentiating (18) and multiplying M s , then combining the fifth equation of (3) lead to
where u(t) represents the boundary controller. Then we choose a new Lyapunov function as follows to design u(t).
where V 3 (t) is defined as
Differentiating (20) and then combining (16), (17), (18) and (19), we can obtaiṅ
According to (22) , the boundary controller is designed as
where k > 0 is the control parameter.
B. ITERATION TERM DESIGN
Define a positive function for iteration term in the discrete time domain.
in which q(t) =d−d(t), is the iteration term to compensate for q(t). j represents the number of iterations, and τ = t − jT d ∈ [0, T d ] is the elapsed time of the current number of iterations. The incremental change of L j from trial j − 1 to j (i.e., δL j = L j − L j−1 ) is
According to Assumption 1, we can know that q(t) is a periodic signal, i.e., q(T d ) = q(0). Thus we have (26) From (26), the iteration term in discrete time domain is designed as (27) Substituting (27) into (26), we have
For continues time domain, a new Lyapunov function is selected as below.
where
Remark 2: In (5), (20) and (29), the energy term V 1 (t) is designed based on the mechanical energy of the riser system, the small crossing term V 2 (t) is designed for facilitating the stability analysis, the auxiliary term 1 2 M s e 2 (t) is related to the kinetic energy of the vessel mass and V L (t) is related to the iteration term. According to the Lyapunov's stability theorem, the Lyapunov function V T (t) needs to be positive definite and should satisfyV T (t) ≤ −λV T (t) + ε. Therefore, the designed Lyapunov function V T (t) and controller need to be revised continuously until the stability theory is satisfied.
Referring to the derivation in discrete domain,V L (t) can be written aṡ
Similarly, the iteration term in continues time domain is designed as
Substituting (22) and (35) into (31) yieldṡ
For realising the stabilisation of the riser system, the boundary-ILC (U (t) = u(t)+ (t)) is proposed as follows
Remark 3: In (37), the signals w(L, t), w (L, t) and w (L, t) can be measured by a position sensor, an inclinometer sensor and a shear force sensor.ẇ(L, t),ẇ (L, t) andẇ (L, t) can be calculated with a backward difference algorithm to w(L, t), w (L, t) and w (L, t), respectively.
Replacing u(t) in (36) with U (t), we havė
Combining (10), parameters , β, k, k 1 , k 2 , δ 1 ∼ δ 4 are chosen to satisfy the following conditions
Substituting (39) into (38), we havė
where ξ 1 = min( 2τ 1 βρ , 3 β , 2τ 2 βT ), ε 1 = ( Lδ 2 + βδ 4 )Lf 2 . Applying the equivalent transformation to (40), we havė
Substituting (8), (20) and (29) into (41) yieldṡ
IV. STABILITY ANALYSIS
The above-mentioned analytical results can be summarised as the following theorem.
Theorem 1: For the system dynamics described by (1)-(2), under the designed boundary-ILC scheme described by (34) and (37), the system output w (i.e., w(x, t)) of the closed-loop riser system is uniformly bounded in the set a
where the constant D = 2Lε 2 βT ξ 3 . Proof: Multiplying (42) by e ξ 3 t and then integrating the resulting equation, we have
Combining (6), (8) , (20) and (29) results in
Substituting (44) into (45) yields
Then, we further derive
Remark 4: From (46), we can conclude that the free vibration riser system under the proposed boundary-ILC is exponentially stable with decay rate ξ 3 . From (39), (42) and (47), the increase of k will result in a larger τ 3 , which will lead to a greater ξ 3 , then D will reduce, and lead to a better vibration suppression performance. We can conclude that the bound of the system output w(x, t) can be made arbitrarily small if the design control parameters are properly selected. However, the increase of k will bring a high-gain control. Therefore, in practice, the design parameters should be adjusted carefully for obtaining appropriate transient performance and control action.
V. SIMULATION ANALYSIS
In this part, to illustrate the validity of the proposed boundary-ILC, finite difference method (FDM) which is often used to approximate the solution of infinitedimensional system [32] , [33] , is applied to simulate the considered riser system. FDM subdivides the domain of the problem by introducing a mesh of discrete points for each independent variables. Divide the length into N 1 grids and divide time into N 2 grids. Then the spatial step size is defined as x = L N 1 and the temporal step size is defined as t = t f N 2 , where t f is the simulation duration. The value of function w(x, t) at point x = i x and t = j t is denoted by w ij = w(i x, j t). It is worth noting that the stability of FDM will be affected by the values of x and t. After testing different step size of x and t, in this paper, the convergence of FDM and better control performance are both achieved with x = 10 and t = 0.01. The parameters of the riser system are given as L = 1000m, D = 152.4mm, ρ s = 1024kg/m 3 , ρ = 500kg/m, EI = 1.5 × 10 8 Nm 2 , M s = 9.6 × 10 6 , d s = 10 3 Ns/m, T = 8.11 × 10 7 N , c = 2Ns/m 2 , and the periodic disturbance is given as d(t) = 10 4 sin(0.3t). In order to analysis and verify the performance of the designed boundary-ILC scheme, three cases are considered as follows.
(1) Without control: The studied riser system is not affected by the designed control, namely, U (t) = 0, the deflection of the riser system is displayed in Fig. 2. (2) With boundary control (23): When the boundary control (23) is exerted to the considered riser system with the control gains k = 10 8 , k 1 = 1600, k 2 = 10, = 5, β = 50, the spatial time response is depicted in Fig. 3 .
(3) With boundary-ILC (37): Under the action of the boundary-ILC (37) and iterative law (34), by choosing control design parameters γ = 0.0001, number of iterations k max = 15, the vibration simulation in time and space is shown in Fig. 4 . Fig. 5 shows the boundary-ILC control input U (t) and iteration term (t). Fig. 6 displays the vibration with two different iteration times (i.e., k max = 2, k max = 10). For more intuitively analysis, Fig. 7 displays the maximum value of | w(L, t) | for different iterations. Fig. 8 shows the deflection at the end of riser (i.e., w(L, t)) at the first, 5th and 15th iterations, respectively. Fig. 9 shows the displacement at the end of the riser in the above three cases, i.e., x = 1000m.
As is shown in Figs. 2-4 , there is a large vibration deflection of the riser without control. On the contrary, both the boundary control (23) and the boundary-ILC (37) are effective for the vibration suppression of the riser. Compare Fig. 3 and Fig. 4 , it is obvious that iterative term further strengthens the vibration control. Figs. 6-9 show the control performances are improved incrementally with the increase of the iteration number, and the displacement gradually tends to zero as the iterations increase.
Based on the aforementioned analysis, we can demonstrate that the proposed boundary-ILC (37) is effective for dealing with periodic disturbances and can achieve a better control performance than another designed boundary control (23). 
VI. CONCLUSION
This paper studies a boundary-ILC for a riser system with periodic external disturbance. The riser's displacement are greatly reduced and the control performances are greatly improved when ILC is incorporated into the boundary control design. The iteration term which is designed by both discrete-time and continuous-time Lyapunov function provides an effective method for dealing with periodic disturbance. Based on FBC and Lyapunov direct method, the system stability is achieved. The effectiveness of the designed boundary-ILC is also certificated via numerical simulation.
In the future work, the actual experimental verification of the proposed boundary-ILC scheme will receive more attention.
